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Abstract

Thermochromic liquid crystal (TLC) can be used to measure the surface temperature in transient heat transfer experiments.
Knowing the time at which the TLC changes colour, hence knowing the surface temperature at that time, it is possible to calculate
the heat transfer coefficient, /2, and the analytical one-dimensional solution of Fourier’s conduction equation for a semi-infinite wall
is often used for this purpose. However, the 1D solution disregards lateral variations of the surface temperature (that is, those var-
iations parallel to the surface), which can cause a bias, or lateral-conduction error, in the calculated value of /4. This paper shows
how the 1D analytical solution can be used to estimate, and to provide a correction for, the error. An approximate two-dimensional
analysis (which could be readily extended to three dimensions) is used to calculate the error, and a 2D finite-difference solution of

Fourier’s equation is used to validate the method.
© 2004 Elsevier Inc. All rights reserved.

1. Introduction

During transient heat transfer experiments, narrow-
band thermochromic liquid crystal (TLC) is often used
to measure the surface temperature. (Narrow-band is
used here for TLC that changes colour over a 1°C
change in temperature; the uncertainty in the measured
temperature is typically 0.1°C.) If the time at which the
TLC changes colour is known then the surface temper-
ature can be readily determined and the heat transfer
coefficient, /1, can be calculated. In most cases, / is calcu-
lated from the one-dimensional solution of Fourier’s
conduction equation for a semi-infinite solid (or wall),
and the reader is referred to Jones and Hippensteele
(1988), Kasagi et al. (1989), Camci et al. (1991) and Bau-
ghn (1995) for more details.
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The above transient techniques implicitly assume that
h is invariant with time. This is seldom exactly true as /
can depend on both the level and distribution of the sur-
face temperature. However, for forced convection, these
effects are often insignificant, and the use of two or more
narrow-band crystals should reveal their magnitude.

Uncertainties in the measured temperatures will give
rise to uncertainties in the calculated values of 4, and
a means of estimating and minimising these uncertain-
ties is given by Yan and Owen (2002). Another source
of error is lateral conduction. The one-dimensional anal-
ysis considers only the conduction in the x-direction,
normal to the surface of the wall, and conduction in
the transverse directions is ignored. If, however, there
are large transverse variations of the surface tempera-
ture then lateral conduction may be significant, resulting
in bias errors in the calculated values of 4. Lin and
Wang (2002), who solved the 3D Fourier equation
numerically, showed that lateral conduction could result
in errors in /1 of 15-20% if the 1D solutions were used.
Ling et al. (2003), who also solved the 3D equations
numerically, produced a technique that could be used
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Nomenclature

Bi (hL/k) Biot number

Bi (hL/k) corrected Biot number

Bi* true value of Biot number

1 constant of proportionality for correction

C, specific heat of solid

f parameter in 1D solution of Fourier’s
equation

g parameter in correction of Bi

h heat transfer coefficient

h corrected value of /4

k thermal conductivity of solid

L wall thickness

q heat flux normal to surface

t time

Iy penetration time

T temperature of wall

Ty initial temperature of wall (at 7 = 0)

X normal coordinate (measured from surface)

y lateral coordinate

Greeks

o (k/pC,) thermal diffusivity of solid

p (Biy/7) parameter in 1D solution of Fourier’s

equation

r (to/P;) bias-amplitude parameter

&1 ([(Bi; — Bi*)/Bi*]) original nondimensional
error in Biot number

g ([(Bi — Bi*)/Bi*]) nondimensional error in Biot
number after correction

n (x/L) nondimensional normal coordinate

A (y/L) nondimensional lateral coordinate

0 (T — To)/(Taw — Ty)) nondimensional tem-
perature

o density of solid

T (at/L?) Fourier number

T (z(1 + ¢)) corrected Fourier number

T v%lue ;)f 7 when TLC changes colour

¢ (% %) correction parameter

¢ average value of ¢

bo value of p at =0, 1=0, 1 =1

Subscripts

aw adiabatic-wall value

w valueat x=0,7=0

1 value corresponding to 1D solution of Fou-
rier’s equation

to process TLC measurements in the presence of lateral
conduction.

This paper shows how the analytical 1D solution of
Fourier’s equation can be corrected when lateral con-
duction is significant. It is demonstrated here for the
case of lateral conduction in one direction (the y-direc-
tion) but it could be readily extended to the case where
there is lateral conduction in the second direction (the z-
direction). The advantage of the method is that it uses a
modified version of the 1D analytical solution and
avoids the need to solve the 2D or 3D finite-difference
equations.

Section 2 describes the analysis on which the method
is based. Section 3 outlines the numerical method used
to solve the analytical equations, and describes the
smoothing techniques employed to calculate the surface
variations in /. In Section 4, the method is used to cal-
culate the lateral-conduction error for a range of test
cases, and the conclusions are summarised in Section 5.

2. Calculation of lateral conduction error

2.1. Fourier’s conduction equation

In dimensional form, Fourier’s 2D conduction equa-
tion can be written as

oT o°'T T
PCrE = k(axz + ay2)
where x is the coordinate measured from the surface
of the wall, and normal to it, and y is the transverse
coordinate parallel with the surface.

The 1D equation (when 9°7/0y” = 0) has a particu-
larly simple solution for a semi-infinite wall with a
step-change in the heat transfer coefficient, 4, for which
the boundary conditions are

(2.1)

T(x,t) =Ty fort¢=0 and for all x
q:—kg—T:h(Taw—TW) for x =0 and for t > 0
x
T(x,t) =Ty asx— oo and for all ¢
(2.2)
The solution of the 1D equation is then
Tw—To
()W = = 2
=1 (h) (23)
where
fpy=1- e erfc(p) (2.4)
and
hy/t
B= (2.5)
pCrk
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It is more convenient to use the nondimensional form of
Fourier’s equation in which

T—-T,
-0 =x/L, J.=y/L
TaW7T07 ’7 x/7 y/?

Bi = hL/k (2.6)

0= T=at/L*

Although L is an arbitrary parameter, which has no ef-
fect on the solution of Fourier’s equation, it is taken
here to be the thickness of the wall.

Eq. (2.1) can then be written as
o0 0 o0
P Rt 2.7
ot On? * N 27)

For the 1D case (where 9°0/0/ = 0), the boundary con-
ditions are

0=0 for t=0 and for all

a0
e
0=0 asn—ooforallz

—Bi(l1 —0) forn=0andfort>0 (2.8)

The solution for 0, which is the same as Eq. (2.3) is,

0y = f(B) =1 —¢” erfe(p) (2.9)
where
B = BivT (2.10)

It should be noted that Bi and 7 are usually referred to
as the Biot number and the Fourier number, respec-
tively. It should also be noted that f3 is independent of L.

2.2. Approximate solution of Fourier’s equation in two
dimensions

Define ¢ = ¢(n,/,7) as

%0 /%0
¢ = ) a2
04%/ On

It is now assumed that ¢ can be approximated by some

average value, ¢, so that Eq. (2.7) can be simplified to
o0 9%

(2.11)

% op (2.12)
where

T=1(1+¢) (2.13)
The solution to this quasi-2D equation is then
0=7(B) (2.14)
where

B =BiVv7 (2.15)
and

Bi=hL/k (2.16)

h being the approximate, or corrected, value of the heat
transfer coefficient. It follows that

Bi = Bij(1+ ¢) ' (2.17)

where Bi is the Biot number obtained from the 1D solu-
tion. Thus, if ¢ can be estimated then an approximation
of the correct Biot number can be obtained.

A physical interpretation of this result can be ob-
tained by considering conditions at the point # =0,
=0 . If 3°0/0/)> > 0 then lateral conduction would
cause heat to flow towards that point. In an experiment,
this would reduce the time for the TLC to change colour,
and the 1D solution would consequently overestimate
the value of the Biot number. Now, as 9°0/dn* > 0 eve-
rywhere, it follows from Eq. (2.11), that if 0°0/0* > 0
then ¢ > 0; hence, from Eq. (2.17), Bi < Bi; . That is,
the corrected value of the Biot number would be smaller
than the 1D value, which is qualitatively correct. The
converse argument applies when 020/0)% < 0 , where
Bi > Bi,.

2.3. Estimation 0f(7>

Consider an experiment in which the Biot number is
determined at =0, A=0 and 7=71, , where 7 is
the Fourier number at which the TLC changes colour;
¢o is the value of ¢ at this condition. It is now assumed
that

¢ = co,

where c is a constant of proportionality. As explained in
Section 4, ¢ is chosen so as to produce a value of ¢ that
will minimise the lateral-conduction error.

An estimate of ¢ can be found using the 1D solution
of Fourier’s equation, from which Bi; can be determined
as a function of 4. From the results of Section 2.1, using
the subscript 1 to denote the value corresponding to the
1D solution, it follows that

(2.18)

o’0  df, op,

and

2 2 2 2

T0_38h i (o) 220

02 dpy 02 dp \ o4

where

d

Yol (fy = 1)+ 77 (221)

dg,

and

dzl—z D1 +28%) + 27712 222

P (/i = D)1 +2B7) + 27 /°p] (2.22)
1

As B, = Biy /1 , it follows that

oy 1. _ip

0 = 2B1110 (2.23)
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Consequently, from Eq. (2.11),

21, [02Bi , 0Bi\>
b= o +g(B">T(1’/2( a;f) ] 2
where
i . ) 12 p; -1/2
g(le): (f1 1)(1 —CfBllTO)+2n Bl]‘CO (225)
BiITO (fl - 1) +7'C71/2

It should be noted that, although Bi; and 7y depend on
L, ¢q is independent of L.

It should be remembered that, as Eq. (2.11) shows, ¢,
and hence the lateral-conduction error, depends on
0%0/027: if that term is zero then the error will be zero.
Eq. (2.24) shows that ¢o and hence the error, depends
on the lateral variation of Bij; this suggests, paradoxi-
cally, that the error depends only on the lateral variation
of h and not on the variation of 6. The paradox is re-
solved by reference to Eq. (2.20), which links the lateral
variation of 0 with that of Bi;.

Further insight into ¢y can be gained by expressing
Eq. (2.24) in terms of f3;, such that

&*py b’
2 +g(By) (5)
where g(f,) is given by Eq. (2.25) with Bijt,, 12 replaced
by ﬂla and

¢o =2I (2.26)

To
"5
In effect, I' is a ‘bias-amplitude parameter’ which, as
shown below, is governed by experimental constraints.

Schultz and Jones (1973) defined the ‘penetration
time’, 7, say, as the time for the temperature of the back
surface of the wall, or test section, to change by 1% of
that of the front surface (i.e. by 0.01 (7, — Tp)). Their
value of 7, was based on the solution of the 1D Fourier
equation for the case in which the wall is exposed to a
step change in its surface temperature rather than to
a step change in the air temperature. If L is the wall
thickness then this criterion gives

L2
o«

(2.27)

t, =0.10 (2.28)
and this estimate of the penetration time is used by
many experimenters to provide a time limit for the dura-
tion of their transient tests with TLC. Using Eq. (2.28)
it therefore follows that

79 < 0.10 (2.29)

if this criterion is used.

In addition, Yan and Owen (2002) have shown that
random uncertainties in temperature measurements
have a significant effect on the uncertainty in the meas-
urement of 4. The temperature uncertainties are, in
effect, amplified, and the ‘amplification parameter’ de-

pends strongly on the value of 6, used in the experi-
ment. The amplification parameter is a minimum for
0y = 0.5 and, for accuracy, an experimenter should limit
the experimental range to 0.3 < 0, <0.7.

From Eq. (2.9), if 6,=0.3, 0.5 and 0.7 then
p1=0.352, 0.769 and 1.64 respectively. In addition, if
79 < 0.10 then, for the above values of f3, it is necessary
that Bi; = 1.11, 2.43 and 5.19, respectively. Thus, con-
siderations of penetration time and experimental uncer-
tainty place constraints on 7y and Bi;. It follows, from
Eq. (2.27), that for these three values of f;, I' < 0.284,
0.130 and 0.061, respectively. Also, for a given value
of 79, I' Bil‘l, so that ¢, decreases as Bi; increases.

To calculate ¢ from ¢, according to Eq. (2.18), the
value of ¢ must be known. Values of ¢ can be found
from the numerical solution of the 2D version of
Fourier’s equation, as described below.

3. Numerical model

Fourier’s equation was discretised by the Crank—
Nicholson method, and the resulting finite-difference
equations were solved using a block tri-diagonal-matrix
algorithm. Fig. 1 shows the coordinates and boundary
conditions of the computational domain.

In an experiment, 0, is known and 7y, corresponding
to the time at which the TLC changes colour, is meas-
ured. In the simulation, 6,, was specified and 7, was
determined numerically, from which Bi; could be calcu-
lated. As stated above, Yan and Owen (2002) showed
that, to minimise uncertainties in the calculated heat
transfer coefficient, a value of 0,, ~ 0.5 should be used
in experiments. This value of 6, was used below for
many of the computations, but the effect of 0, was

A
A
® _,
oA
0,1) (1,1)
Y _ 5ie, -6,) % _o
an an
(0,0)
(1,0
(0,-1) (1,-1)
9 o
oA

Fig. 1. Computational domain and coordinates.
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Fig. 2. Comparison between computed and analytical variations of 6 and 00/0t with 5 for the 1D case. (Lines represent analytical solutions, and

symbols, the numerical solutions.)

considered for 0.3 < 0,, < 0.7, which covers the sensible
range for experiments involving TLC.

From Eq. (2.24) it can be seen that, to evaluate ¢y it is
necessary to calculate the first and second derivatives of
the Biot number. This was achieved using a least-
squares cubic-spline fit of the Biot number as a function
of / (see Numerical Algorithms Group, 2001). The toler-
ance of the fit is defined as the nondimensional root-
mean-square (RMS) error between the data and the
smoothing curve. If the tolerance is specified, the algo-
rithm automatically selects the knots for the cubic spline
and calculates the appropriate function. Knowing the
values of the parameters used in the cubic-spline, the
first and second derivatives can be readily determined.

For the computations discussed below, the nondi-
mensional tolerance was taken to be 0.01. This value
provided a good fit to the data without producing too
many ripples in the calculated derivatives. In practice,
some judgement is needed and it is recommended that
the lateral variation of the derivatives, particularly
% Bi, / 022, should be examined to ensure that the fluctu-
ations are not excessive. If the lateral conduction errors
are very large (>20%), it may be necessary to increase
the tolerance so as to reduce the fluctuations in the
derivatives.

Before solving the 2D version of Fourier’s equation,
the accuracy of the 1D solution was checked for a range
of Biot numbers. The Biot numbers in all the computa-
tions were based on a wall-thickness of L = 10mm and a
thermal conductivity of k= 0.2W/mK. Fig. 2 shows
comparisons between the analytical and numerical re-
sults, and the agreement for 0 and 00/0. versus 5 can
be seen to be good. (It should be remembered that, in
the 1D case, 00/0t = 9°0/0n?.) For these computations,
the step lengths of An and A/ were taken to be 0.01.

Fig. 3 shows the effect of grid size on the computed
variation of 1, versus A for the 2D case, where Bi* is a
function of 1. For both grids, # = 0.01 and At =10"%

o Bi*=3+8M\ -4\
N Bi* =3+ 16)7- 8\’
v Bi* =7+ 8\ - 4\

0.02

0.06 —
- . Bit=3+ 8N -4\
B ﬁ © Bit=3+16)7-8)
i . Y - Bi* =7+ 8\ -4\
0.05 - d A 2
- g t
0.04 - ;4 A%
B g i Ll
& 0.03 3 k!

0.00
-1.0 -08 -0.6 -04 -02 00 02 04 06 08 1.0
A

Fig. 3. Effect of grid size on computed variations of 7y with A for the
2D case. (Solid symbols correspond to the fine grid, and open symbols
to the coarse grid.)

for the fine grid, AA=0.01; for the coarse grid,
AL =0.05. As the differences between the two computa-
tions were small, the coarse grid was used for all subse-
quent computations.

4. Correction of lateral-conduction error
4.1. Validation for case where Bi* is known

The validity of the correction given by Eq. (2.17) can
be tested if the variation of Bi* with A is known. The

precise value of ¢y can then be calculated, using Eq.
(2.24) with Bi; replaced by Bi*.
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The nondimensional errors in the Biot number before
and after correction, & and ¢ respectively, are defined as

Biy — Bi*
= —— 4.1
& Bi" ( )
and

Bi — Bi*
E=—— 4.2
B (42)

From the above definitions and Eq. (2.17), it follows
that:

sl(l-l-%sl) —e(l—f—%s) +%&>(1+2§+52) (4.3)

As & < 1, then

_ 1o 1+2
NSO S e 4.4
61 & 2¢1+%(8]+§) ( )
In the limit, as | £ | and |g| tend to zero,

1
8178%5(]3 (4.5)

A value of ¢ can be chosen to minimise &, from which
the optimum value of ¢ can be found.

An example is presented in Fig. 4, which shows the
variation of Bi*, Bi; and Bi versus /A for the case where
Bi* is a polynomial function of 4, with ¢ arbitrarily set
equal to 0.25. It can be seen that this value of ¢ produces
values of Bi that are significantly closer to Bi* than are
the values of Bi;. The variations of ¢ and ¢ with 1 for
the above case are shown in Fig. 5, and it can be seen
that the maximum value of ¢ is less than 1% compared
with a maximum value of & of over 12%.

N RN R N RN RN AR EERE R REEE, SRR

2 -70
-1.0 -0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0

Fig. 4. Comparison between variation of Bij, Bi and Bi*, and its
derivatives, with . (Lines represent analytical solutions, and symbols,
the numerical solutions.)

14
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-1.0 -0.8 -0.6 -0.4 -0.2 0.0 0.2 04 0.6 0.8 1.0
A

Fig. 5. Variation of ¢; and & with /1 for the case considered in Fig. 3.

4.2. Testing the method

For the following cases, Bi* was a known polynomial
function of A, and the error was calculated at 1 =0.
Using Bi; to compute the correction, it was found that
the optimum value of ¢ depends on both 6, and &; as
shown in Fig. 6 for 0.3 < 0, < 0.7 and ¢; < 40%. As &
is not known a priori, it is convenient to approximate
¢ as a function of 0y,. For simplicity, the following linear
approximation was used over the ranges 0.3 < 6,, < 0.7
and 5% < |g;] < 40%:

¢ = 0.563 — 0.3710,, (4.6)

0.70
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0.45
0.40
© 0.35
0.30
0.25
0.20

H

0.15

0.10
0.05

e i
Qo e WL

Av4armn
CD(D(D(DECD

|HHlHHl\H\lHHlHHl\H\lH\\lHHl\H\lHHlHHlHHlHHl

u
>

v

v

A

A
-

RS EREEE RS NN NS NS NS R EEE N
5 10 15 20 25 30 35 40 45 50

e, (%)

0.00

S T

Fig. 6. Effect of 0 on variation of ¢ with ¢;.



262 J.R. Kingsley-Rowe et al. | Int. J. Heat and Fluid Flow 26 (2005) 256-263

14.00 —
r m 0,=03 v
C A 9,=04 v
12.00~ v 8,=05
r > 6,=06 v <
10.00 - <« §,=07
- “
8.00 \
r v
S 600k > )
S 6.00F >
w F M
4.00 4
r >
2.00 F >
. B lv > h |
- SO
0.00 FAl
¥
_2. 7\\\\ \\\\I\\\\I\\\\I\\\\I\\\\I\\\\I\\\\I\\\\I
0075 10 15 20 25 30 35 40 45 50

e, (%)

Fig. 7. Effect of 0 on variation of & with ¢.

For example, for 0, = 0.5, ¢ = 0.378, which corresponds
to the value of ¢ shown in Fig. 6 for & ~ 20%.

As Eq. (2.9) shows, the 1D solution of Fourier’s
equation is a function of ;. The range of validity for
f1 (and hence of h) is implicitly given by the range
0.3 < 0, < 0.7, which corresponds to 0.352 < f8; < 1.64.

Using Eq. (4.6) for ¢, Bi can be found from Egs.
(2.17) and (2.18). In the cases considered here, where
Bi* is known, & can be calculated from Eq. (4.2), and
Fig. 7 shows the computed variation of & with ¢;. De-
spite the approximations used in the corrections, it can
be seen that the error after correction, &, is significantly
smaller than the original error, ¢;. For example, for
0, = 0.5 and & = 20%, € =~ 2%.

It is considered that the method described here can be
used to estimate and correct the lateral conduction error
in transient experiments using TLC. It may be possible
to improve the method by, for example, iteration, but
in the authors’ opinion this is unnecessary.

4.3. Using the method
The following procedure is suggested.

(1) Using Egs. (2.9) and (2.10), the lateral variation of
Bi; is calculated from the TLC measurements.

(2) Using the least-squares cubic-spline smoothing
technique described in Section 3, the calculated val-
ues of Bi; are smoothed.

(3) Using the parameters for the cubic-spline fit, values
of dBi;/0/ and 0° Bi; /0)* are calculated at discrete
values of /.

(4) Using these derivatives, ¢y is calculated from Eq.
(2.24).

(5) Using Egs. (2.18) and (4.6), ¢ is calculated.
(6) Using Eq. (2.17), Bi is calculated.

5. Conclusions

If Fourier’s 1D conduction equation is used to calcu-
late the Biot number in transient heat transfer experi-
ments then a bias, or lateral-conduction error, can
occur. This error depends on the magnitude of the lat-
eral second derivative in the temperature distribution,
which in turn depends on the lateral first and second
derivatives of the Biot number. Using this fact, an
approximate correction has been developed to provide
an improved estimate for the Biot number. In the meth-
od, the lateral distribution of Biot number (resulting
from the solution of Fourier’s 1D equation) is smoothed
and the surface derivatives are calculated. From these
derivatives, an improved estimate of the Biot number
is obtained.

The method has been tested numerically for a range
of nondimensional temperatures, 0.3 < 0,, < 0.7 and
for uncorrected errors up to 40%; these cover the ranges
of sensible experiments with TLC. The errors in the cor-
rected Biot number are significantly reduced; for the
important practical case of 0, = 0.5, an original error
of 20% was reduced to 2% after the correction had been
applied.

The advantage of the method for transient experi-
ments involving narrow-band TLC is that it uses a mod-
ified version of the 1D analytical solution of Fourier’s
equation and avoids the need to solve the 2D or 3D fi-
nite-difference equations. Although the method has only
been tested for the case where the surface temperature
varies in one dimension, there appears to be no rea-
son why it should not work for 2D wvariations of
temperature.
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